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A theoretical model of nanowire formation by the vapor-liquid-solid mechanism during molecular beam
epitaxy and related growth techniques is presented. The model unifies the conventional adsorption-induced
model, the diffusion-induced model, and the model of nucleation-mediated growth on the liquid-solid interface.
The concentration of deposit atoms in the liquid alloy, the nanowire diameter, and all other characteristics of
the growth process are treated dynamically as functions of the growth time. The model provides theoretical
length-diameter dependences of nanowires and the dependence of the nanowire length on the technologically
controlled growth conditions, such as the surface temperature and the deposition thickness. In particular, it is
shown that the length-diameter curves of nanowires might convert from decreasing to increasing at a certain
critical diameter and that the nanowires taper when their length becomes comparable with the adatom diffusion
length on the sidewalls. The theoretical dependence of the nanowire morphology on its lateral size and length
and on the surface temperature are compared to the available experimental data obtained recently for Si and
GaAs nanowires.
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I. INTRODUCTION

Renewed interest in the fabrication of semiconductor
nanowires, also known as nanowhiskers �NWs�, is stimulated
by recent advances in their use as building elements for vari-
ous electronic, optical, and biological applications �1–4�.
Techniques of growth of Si �5–7� and III-V �8,9� NWs with a
length up to more than 10 �m and a diameter of only few
tens of nanometers have been developed and high quality
freestanding NW arrays have been obtained. This progress
followed several decades of the development of whisker fab-
rication technology �10–13�. The generally accepted mecha-
nism of whisker formation is usually referred to as vapor-
liquid-solid �VLS� growth. The VLS mechanism was
introduced in 1964 by Wagner and Ellis �10� for the interpre-
tation of their experiments with chemical vapor deposition
�CVD� of Si from SiCl4 on a Si�111� surface activated by Au
drops. In 1973, Givargizov and Chernov �14� proposed an
empirical model of VLS growth during CVD. The VLS
mechanism, originally established for large whiskers with a
micrometer scale diameter, has subsequently been used for
explaining the formation of different semiconductor NWs
�15–17�.

In the traditional adsorption-induced VLS model
�10,11,14� the following growth behavior is assumed. When
the surface is activated by a metal growth catalyst and heated
above the eutectic melting point, small drops of the metal
form a liquid alloy with the semiconductor material and act

as a seed for NW growth. The direct impingement of deposit
material from vapors around the drop makes this alloy super-
saturated. Semiconductor atoms travel to the liquid-solid in-
terface due to the volume diffusion within the liquid drop.
The interface acts as a sink for deposit particles dissolved in
the drop, causing their incorporation into the available ad-
sorption sites of the lattice. This leads to vertical growth of
the whisker with the drop of liquid alloy sitting on the top. In
the diffusion-induced VLS model �18,19� it is assumed that,
in addition to the direct impingement, atoms may also arrive
at the drop from the substrate surface due to diffusion along
the whisker sidewalls. These atoms first dissolve in the drop,
then diffuse to the interface, and finally also incorporate into
the lattice. Both models described here were recently dis-
cussed by Bhunia and co-workers in the case of InP NWs
�20�, where the additional pathway for deposit particles to
travel toward the interface along the drop surface was taken
into account.

At the moment semiconductor NWs are most often grown
by CVD �1–9�. However, the molecular beam epitaxy �MBE�
technique has recently demonstrated its potential for study-
ing the growth mechanisms of Si �21� and GaAs �22,23�
NWs in more detail. The MBE technique involves a simple
impinging species and the NW formation mechanisms are
more easily described by a theoretical model, since no pre-
cursor decomposition mechanisms are required. In addition,
the MBE technique may provide a number of advantages for
NW fabrication technology due to strongly nonequilibrium
conditions during MBE growth �24�. In particular, MBE-
grown NWs may have a larger length and aspect ratio at a
lower material consumption �23�. On the other hand, the un-*Electronic address: dubrovskii@mail.ioffe.ru
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derstanding of NW formation mechanisms during MBE is
still at an early stage.

The aim of this paper is the theoretical investigation of
NW growth during MBE on surfaces activated by drops of a
growth catalyst. In contrast to the recent analysis by Persson
and co-workers �25�, in this work it is assumed that all drops
always remain liquid during the growth, or, in other words,
the NW formation proceeds by the VLS mechanism. We will
present a generalized dynamical model of NW formation
during MBE that takes into account �i� adsorption and de-
sorption processes on the drop surface; �ii� diffusion of at-
oms from the substrate surface to the drop along the NW
sidewalls; �iii� crystal growth on the liquid-solid interface
mediated by two-dimensional nucleation from supersaturated
liquid alloy; �iv� growth of the substrate surface; and �v� the
time dependence of the alloy supersaturation in the drop.
Additionally, the transition from mononuclear to polynuclear
growth modes at the liquid-solid interface �26–28� and the
variation of NW radius during the growth will be incorpo-
rated into the model. The latter allows us to access the effect
of NW tapering �22,29�. Possible shapes of the length-
diameter dependence of NWs will be discussed and com-
pared to earlier theoretical �14,19,23,26–28� and experimen-
tal �21,23,28,30,33,34� findings. We will discuss the
theoretical dependence of NW length on the growth tempera-
ture. The final result will be the theoretical representation of
NW morphology as a function of technologically controlled
conditions of the NW fabrication procedure. This study com-
pletes our previously obtained results on the adsorption-
induced �28� and diffusion-induced �23� VLS growth of
NWs.

II. THE GROWTH MODEL

The model of NW growth during MBE is schematized in
Fig. 1. This model takes into account �i� the direct impinge-
ment of deposit atoms on the drop surface from the material
flux of rate V �adsorption�; �ii� the desorption from the drop;
�iii� the diffusion flux of adatoms from the substrate surface
toward the drop along the NW sidewalls; �iv� the nucleation
and lateral growth of two-dimensional islands at the liquid-
solid interface �Fig. 1�b��; and �v� the growth of nonactivated
surface at rate Vs. The driving force for the VLS growth is
the supersaturation of liquid alloy in the drop, �=C /Ceq−1.
Here, C is the volume concentration of deposit atoms in the
alloy �e.g., Si in Au-Si, Ga in Au-Ga� and Ceq is the
temperature-dependent equilibrium concentration. We as-
sume that all atoms arriving at the drop, irrespective of their
pathway to it, are first dissolved in the drop and then either
reevaporate or attach to the crystal lattice. The mechanism of
this attachment is constituted by two-dimensional nucleation
from the supersaturated alloy. Two-dimensional nuclei of the
crystal phase arise, grow, and coalesce to build up a continu-
ous layer on the NW top. Reiterative building of successive
layers leads to the layer-by-layer vertical growth of the NW
�16,26–28�. In contrast to previous theoretical studies
�14,18,19,22,23,26–28� we allow the supersaturation � and,
consequently, all other characteristics of the growth process
to vary with time t. Also, the drop radius R is allowed to vary

during the growth, because it is directly related to the num-
ber of deposit particles in the drop. We assume, however,
that the number of catalyst particles remains constant during
the growth. This is an idealized case, because in Ref. �35� it
has been demonstrated that gold might migrate on the side-
walls of Si NWs. If N0=const is the number of catalyst at-
oms �e.g., Au� and N is the number of deposit atoms �e.g., Si
or Ga� in the drop, then x=N / �N0+N� is the concentration of
deposit atoms in the alloy. Assuming, for simplicity, that the
drop is a hemisphere with radius R and that the catalyst and
the deposit atoms occupy the same volume �l in the liquid
phase, the drop volume equals �drop= �2/3��R3= �N0

+N��l. The alloy concentration equals C=N /�drop=x /�l

and, therefore, supersaturation �=C /Ceq−1=x /xeq−1, where
xeq=Ceq�l is the equilibrium concentration of the alloy.
Using the equation V�1−x�= �2/3��R0

3, where R0=N0�l

=const is the radius of the pure catalyst drop at N=0, we
arrive at the following relationship between R and �:

R =
R0

�1 − xeq�� + 1��1/3 . �1�

Generally, the number of semiconductor particles in the
drop N changes in time due to the four processes shown in
Fig. 1. The corresponding terms in the kinetic equation for
dN /dt= �2�R2dR /dt� /�l are described below.

�i� Adsorption on the drop surface. This term equals
�R2V /�s, where �s=�h is the volume per atom in the crys-

FIG. 1. Schematics of NW growth during MBE: �a� adsorption,
desorption, adatom diffusion to the drop, and the growth of the
substrate surface; the NW length L=L0−Hs; �b� nucleation-
mediated layer-by-layer growth on the liquid-solid interface, where
v is the lateral growth rate of islands and VL=dL0 /dt is the outgoing
flux of deposit atoms from the drop due to solidification of the
liquid alloy �the example is Au-assisted growth of Si NWs�.
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tal, � is the area per atom on the crystal surface, and h is the
height of a monolayer �ML�.

�ii� Desorption from the drop surface. This term equals
−2�R2rlCeq��+1� /�l, where rl is the interatomic distance in
the liquid and �l is the mean lifetime of deposit atoms in the
drop.

�iii� Diffusion to the drop from the substrate surface along
the sidewalls. This contribution is given by

jdif f�L� = − Dfneq
f 2�R�d�

dz
�

z=L
. �2�

Here, Df is the diffusion coefficient of the adatom on the
sidewalls, neq

f is the adatom equilibrium concentration on the
sidewalls, and � is the adatom supersaturation on the side-
walls. To estimate the diffusion flux of adatoms from the
substrate surface to the NW base jdif f�0�, we assume that it is
proportional to the perimeter of the base. In this case

jdif f�0� =
R

�R�NW
J	 �3�

with �R� being the mean base diameter of the NW array, NW

the surface density of the NW array �both dictated by the size
distribution of the initial drops�, and J	 the overall diffusion
flux from the substrate surface to the NW sidewalls per unit
surface area. One the other hand, at typical MBE growth
temperatures the desorption from the substrate surface is
rather small. Therefore, the difference between the deposi-
tion rate V and the growth rate of the substrate surface Vs is
caused mainly by the diffusion of adatoms to the NW side-
walls. In this case one can write

J	 =
V − Vs

�s
. �4�

Comparing Eqs. �3� and �4�, we find the expression for
jdif f�0�,

jdif f�0� =
V

�s


R

�R�Nw
. �5�

Here, 
= �V−Vs� /V= �H−Hs� /H is the relative difference be-
tween the deposition rate and the growth rate of the substrate
surface. This parameter is assumed below as being time in-
dependent. Implementing Eq. �5� as boundary condition for
the kinetic equation for supersaturation � at z=0 and follow-
ing the procedure described in detail in Ref. �23�, the final
result for the diffusion flux takes the form

jdif f�L� = 2�R�� 1

cosh���
− c�� + 1�tanh���	 . �6�

Here, �
L /Lf is the ratio of whisker length L to the adatom
diffusion length on the side surface, Lf =�Df� f, Df is the
corresponding diffusion coefficient, and � f is the mean life-
time of the adatom on the NW sidewalls. The coefficients �
and c are given by

� =
V

�s




2��R�NW
, c =

2��R�NW fLf


�V/h�� f
, �7�

with  f =�neq
f being the equilibrium adatom coverage on the

sidewalls and V /h the deposition rate in ML/s.
�iv� Atom sink at the liquid-surface interface. This term

equals −�R2VL /�s, where VL=dL0 /dt and L0 is the NW
length measured from the bare substrate �Fig. 1�. In
nucleation-mediated layer-by-layer growth, the vertical
growth rate VL is a certain function of nucleation rate I,
lateral growth rate of islands v, and face radius R �26�. When
R is very large, many nuclei arise in one layer, and then grow
and coalesce to form a continuous film, while the boundary
effects can be neglected. This situation takes place when the
value of the parameter

� = �IR3/� �8�

is large. Such growth is usually referred to as the polynuclear
mode of nucleation-mediated growth. Vertical growth rate in
the polynuclear mode is R independent. When, however, the
face is sufficiently small, only one nucleus covers the whole
face before the next nucleus is created, and the growth pro-
ceeds in the so-called mononuclear mode. In this mode, the
value of the parameter � is small. The vertical growth rate is
v independent. Transition from the mononuclear to the poly-
nuclear mode of crystal growth can be described by the
Kashchiev �K� formula �26,27�

VL = h
�IR2

1 + ��3�I/��2/3R2
. �9�

Another formula for VL�I ,� ,R� based on the generalized
Kolmogorov-Johnson-Mehl-Avrami �GKJMA� model with
boundaries has been proposed in Ref. �28�:

VL =
hv

Ry*���
. �10�

The quantity y*��� here is determined as the solution to the
transcendent equation

�f�y� = 1 �11�

with the function f�y� given by

f�y� = ��1/3�y3 − �3/32�y4 − �1/80�y5 + �1/192�y6, y � 2,

y − 0.9, y � 2.

�12�

Equations �9�–�12� provide the asymptotic matching to the
well known limit cases of pure mononuclear and pure poly-
nuclear modes of nucleation-mediated growth �26�

VL = � h�R2I, � � 1,

h���2I/3�1/3, � � 1.
�13�

The Kashchiev and GKJMA expressions for VL can be pre-
sented in the unified form

VL = �R2IF���, F��� = � 1/�1 + 31/3�2/3�, K ,

1/�y*���, GKJMA.
�14�
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Generally, the nucleation rate and the island growth rate
depend on the supersaturation �. The simplest expressions of
nucleation theory in the case of crystal growth from liquid
alloys are given by �26,28,31�

I��� =
1

��

1

�tG
�� + 1���� exp�− a/��� , �15�

� =
��

tG
� . �16�

Here, tG= tl /Ceq�l is the characteristic time of island lateral
growth and tl is the characteristic diffusion time in the liquid.
The parameter a in Eq. �16� is determined by the specific
interfacial energy of the liquid-solid boundary per unit length

ls and the surface temperature T according to

a = ��� 
ls

kBT
	2

. �17�

Normally, the value of parameter a is quite large �more than
10� �31�. The difference in chemical potentials of the deposit
atoms in the liquid and the solid phases, �� �expressed in
kBT units�, is a certain function of supersaturation �. For a
diluted alloy

�� = ln�� + 1� . �18�

However, this formula cannot be used at high concentration
x, when the alloy is nonideal. The simplest way to expand
Eq. �18� is to use the mean field approximation for a lattice
gas with attractive interactions with potential V�r� described
by the interaction constant �=−rV�r� �32�. The size-
dependent Gibbs-Thomson effect leads to a radius-dependent
correction to �� of the form −Rc /R, where Rc=2��s�s�

−�l�l�� /kBT is the characteristic radius determined by the
difference of surface energies of solid-vapor ��s�� and liquid-
vapor ��l�� interfaces �28�. Hence, Eq. �18� is generalized to

�� = ln� x

1 − x
	 − �x −

Rc

R
. �19�

Collecting all contributions together, we arrive at the fol-
lowing kinetic equation of NW growth:

2�R2

�l

dR

dt
= �R2 V

�s
− 2�R2rlCeq

�l
�� + 1� − �R2 VL

�s
+ jdif f�L� .

�20�

The influence of substrate growth at rate Vs=dHs /dt is taken
into account by the equation for the NW growth rate dL /dt
following from the relationship L=L0−Hs �Fig. 1� and the
definition for the parameter 
:

dL

dt
= VL − �1 − 
�V . �21�

In Eq. �20�, the dependence VL=VL�R ,�� is given by Eq. �14�
with functions ��R ,�� defined in Eq. �8�, I��� in Eq. �15�,
and ���� in Eq. �16�. Diffusion flux to the drop jdif f�L� is a
function of R, �, and �=L /Lf given by Eq. �6� with coeffi-
cients �7�. To make Eq. �20� closed, the relationship between

the drop radius R and the alloy supersaturation � given by
Eq. �1� should be used. Solving Eq. �20� numerically, we can
find R�t� and, therefore, all other characteristics of the NW
growth process as functions of time t. Numerical integration
of Eq. �21� gives the NW length as a function of NW radius
and the MBE growth conditions.

The kinetic equation �20� can be presented in the follow-
ing nondimensional form:

1

V*

dR

dt
= �� + 1��1 +

R1

R cosh���	 − �� + 1��1 +
R2

R
tanh���	

− � R

R3
	2

G���F��� �22�

with the function F��� defined in Eq. �14� and the functions
G��� and ��� ,R� given by

G��� = �� + 1�������exp�−
a

�����	 , �23�

���,R� = ��� R
��

	3G���
�

. �24�

The resulting expression for the NW growth rate reads

dL

dt
= V0��1 +

R1

R cosh���	�� + 1� − �1 +
R2

R
tanh���	�� + 1�

−
1

V*

dR

dt
� − �1 − 
�V . �25�

The growth process is therefore controlled by the following
parameters: �1� Supersaturation of the gaseous phase

� =
V�l

2rl�sCeq
− 1; �26�

�2� radii R1 and R2 describing the diffusion-induced contri-
butions to the NW growth rate

R1 =



��R�NW
, R2 =

neq
f

rlCeq

�l

� f
Lf; �27�

�3� radius R3 standing for the contribution of nucleation-
mediated layer-by-layer growth of the crystal face,

R3 = ����s

�l

2rl

��h
	1/2� tl

�l
	1/2

; �28�

�4� the energetic parameter a defined in Eq. �17�; �5� the
parameter 
 describing the growth of nonactivated substrate
surface; �6� the parameter � describing the interatomic inter-
action in the liquid alloy, when the system metastability ��
is given by Eq. �19�; �7� the Givargizov-Chernov size Rc
describing the Gibbs-Thomson correction for the finite cur-
vature of the NW and the drop surfaces in Eq. �19�; �8� the
kinetic parameters
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V0 =
2rl�sCeq

�l
=

V

�� + 1�
�29�

and V*= ��l /2�s�V0�V0 /2; �9� the equilibrium alloy con-
centration xeq and the number of catalyst atoms in the drop
N0; �10� the adatom diffusion length on the NW sidewalls Lf;
�11� lattice geometry given by the lattice spacing �� and the
height of a ML h; and �12� the deposition thickness H=Vt, or
the deposition time t.

Among these parameters, for a particular material system
at fixed temperature, the supersaturation � is controlled by
the deposition rate, the parameters 
 and the characteristic
radius R1 are controlled by the deposition rate and by the
preparation procedure of the seed drops, and all other param-
eters are fixed. The temperature behavior of the system is
more complex, since all the parameters described strongly
and differently depend on the growth temperature.

The presented model of NW formation, to the best of our
knowledge, in the most general form combines the ideas of
the traditional VLS growth controlled by the direct impinge-
ment of deposit particles �14,17,28�, of the Gibbs-Thomson
correction for the finite curvature of the surface �14,28�, of
the diffusion-induced NW growth in systems with high sur-
face diffusivity �18,19,23�, and of the nucleation-mediated
growth at the liquid-solid interface with allowance for the
transition from mononuclear to polynuclear growth modes
�26–28�. Since the model is essentially dynamical, it can
describe various nonstationary effects during the NW
growth, in particular, the transition between different growth
regimes, the shape transformation and the tapering of NWs,
and the time dependence of the alloy concentration in the
drop. At a given size distribution of the initial eutectic drops,
under certain assumptions on the temperature behavior of the
system parameters �equilibrium concentrations, diffusion
lengths, evaporation rates� and on the character of growth on
the substrate surface, the model can predict the dependences
of NW morphology on the technologically controlled growth
conditions. The important information here is the depen-
dence of NW length L on its radius R, growth temperature T,
and deposition thickness H. Below we will discuss these de-
pendences and compare our theoretical results to the avail-
able experimental data on the Si �21� and the GaAs
�28–30,33,34� NWs.

III. RESULTS AND DISCUSSION

A. Limit regimes of NW formation

In order to qualitatively analyze different scenarios of
NW growth, consider the typical values of model parameters
during MBE of GaAs NWs �23�: V /h�1 ML/s, � f �1 s,
 f =�neq

f �10−3, Lf �10 �m, NW�109 cm−2, �R��100 nm.
In this case the value of the constant c in the right hand side
of Eq. �6� equals �1/16
. The ratio between the second and
the first terms in Eq. �6� c��+1�sinh��� at �+1�1 equals
�sinh��� /16
. Taking for the estimate the values 
=0.5 and
L=5 �m �relating to �=0.5�, we make sure that the second
contribution to the adatom diffusion flux in Eq. �6� is ap-
proximately 15 times smaller than the first one. In this case

one can neglect the term containing tanh��� in the right hand
side of Eq. �25� for the NW growth rate. Obviously, this term
is always small at ��1. If we also neglect the time depen-
dence of the drop radius R, the steady-state equation �25� is
simplified to

dL

dt
= V0�� − �� − �1 − 
�V + V

R1

R cosh���
. �30�

The first term here describes the adsorption-desorption pro-
cesses on the drop surface, the second term accounts for the
substrate growth, and the third term stands for the incoming
adatom diffusion flux from the sidewalls. The value of the
first two terms in the right hand side of Eq. �30� is always
smaller than the deposition rate V=V0 ��+1�. Equation �30�
contains the known limit regimes of NW formation, briefly
discussed below.

1. VLS growth controlled by the direct impingement
of atoms on the drop surface

This limit regime follows Eq. �30� at R1 /R cosh����1,
i.e., for very thick �large R� whiskers, very tall �large ��
wires, or at 
→0 �zero diffusion flux from the substrate
surface, R1=0�, when the diffusion-induced contributions
vanishes. In this regime the NW growth process is described
by equations similar to those obtained in Ref. �28�:

� R

R3
	2

G���F„���,R�… = � − � , �31�

dL

dt
= V0�� − �� − �1 − 
�V . �32�

Solving Eq. �31� for �, we obtain the ��R� dependence and
then find the NW growth rate as a function of R from Eq.
�32�. As was shown previously in �14,26–28�, the NW length
in this regime generally increases with the radius, thicker
whiskers thus growing faster than thinner ones. It should be
noted here that the adsorption-induced VLS growth can be
further divided into two submodes. The first submode takes
place at a modest supersaturation of gaseous phase, when
���. In this case the limiting stage of NW formation is the
processes on the liquid-surface interface, i.e., the nucleation-
mediated layer-by-layer growth �11,14�. The NW growth rate
is quite low and rapidly decreases for smaller drops. Due to
the Gibbs-Thomson effect, there exists a certain minimum
radius of drop Rmin, below which the NWs will not grow
�11,14,28�. However, this critical radius decreases at higher
supersaturation �. In MBE growth, one can anticipate that
Rmin is well below the technologically interesting range of
drop sizes. In contrast, when the vapor supersaturation is
very large �����, the wire formation is controlled entirely
by the adsorption-desorption processes on the drop surface.
Looking at Eq. �32�, at ��� we do not require Eq. �31� at
all, and, therefore, irrespective of � we arrive at the
R-independent wire length
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L = �
 − ��H . �33�

Here, H=Vt is the effective thickness of deposited material.
The coefficient �=V0 /V accounts for the desorption contri-
bution and is given by

� =
2Ceqrl�s�

V�l
�

2xeq

�V/h��l
. �34�

Obviously, Eq. �33� is the simplest form of material balance
equation on the wire top, which should always hold for very
thick wires.

2. Diffusion-induced growth of NWs

This limit regime is always realized when the diffusion
flux of adatoms from the sidewalls is much larger than the
deposition flux V. It follows from Eq. �30� at R1 /R cosh���
�1 and holds for sufficiently thin �small R� and sufficiently
short NWs ���1 and ��1�. The adsorption-desorption con-
tribution and the influence of substrate growth are negligible.
The formula for the NW growth rate in this regime reads

dL

dH
=

R1

R cosh���
. �35�

Here, H=Vt is the effective thickness of deposited material.
The solution to this equation with the initial condition L�H
=0�=0 is given by

sinh� L

Lf
	 =

R1H

RLf
. �36�

At small �, i.e., for very short NWs or very large diffusion
length of adatoms on the sidewalls, Eq. �36� is further sim-
plified to

L =
R1

R
H . �37�

Therefore, the length of NWs growing primarily due to the
adatom diffusion is inversely proportional to drop radius R
and proportional to the effective thickness H. The 1/R de-
pendence of whisker length was previously modeled, for ex-
ample, in �18,19,23�. Such dependence was recently obtained
experimentally in the case of Si NWs grown by MBE on the
Si�111� surface activated by Au �21�. At large R1 /R�1, the
length of the thinnest NWs can be much higher than the
effective thickness H. This effect was observed experimen-
tally in the case of GaAs NWs grown by MBE on the
GaAs�111�B-Au surface at 585 °C �23�, where the length of
20–25 nm wide NWs was up to ten times higher than H.

In the case of very high supersaturation of the gaseous
phase �����, irrespective of values of R1 and �, Eq. �30� is
reduced to the formula obtained empirically in Ref. �23�:

dL

dH
= 
 − � +

R1

R cosh���
. �38�

This equation is similar to Eq. �35� but contains an additional
R-independent constant. Equation �38� provides a reasonable
fit with the experimental L�R� curves of GaAs NWs grown

by MBE on the GaAs�111�B-Au surface �23�. At ��1, the
integration of Eq. �38� gives

L = �
 − � +
R1

R
	H . �39�

This equation fits well with the experimental L�R� curves of
GaAs NWs grown by magnetron sputtering deposition
�MSD� on the GaAs�111�B-Au surface �34�.

B. Shape of the length-diameter curves

Typical length-diameter dependences obtained from the
numerical solution of dynamic equations �1� and �22�–�25�
are presented in Fig. 2. The values of D in Fig. 2 relate to the
diameters of NW tops immediately after the growth interrup-
tion at the effective thickness H, because generally D�t�
=2R�t� varies during the growth. During the simulations, the
Gibbs-Thomson effect was not taken into account �Rc=0�,
since it is usually not important during MBE growth. In the
case of CVD of very thin NWs, this term is significant and
should be taken into account in Eq. �19�. The calculations
were performed for the fixed model parameters R1=R2
=90 nm, R3=0.013 nm, a=11.5, �=4, xeq=0.1, Lf =5 �m,

=0.8, �=0.55 nm2, h=0.33 nm, at three different values of
supersaturation of the gaseous phase �=15.7, 26.8, and
37.9. These values of � at the given model parameters and at
a constant growth temperature relate to the deposition rates
V /h=0.3, 0.5, and 0.7 ML/s and to the surface growth rates
Vs=0.06, 0.1, and 0.14 ML/s, respectively. The effective
thickness of deposited material H was fixed to 700 nm. From
Fig. 2 it is seen that the length-radius dependence for suffi-
ciently thin NWs is always decreasing and can often be de-
scribed by the k1+k2 /R approximation given by Eq. �39�. At
small drop radius, the NW growth is controlled mainly by
the adatom diffusion, and their maximum length is 3.5–6.5

FIG. 2. Length-diameter dependences of NWs at �=15.7
�lower curve�, 26.8 �middle curve�, and 37.9 �upper curve�. The
curves are calculated with the use of the Kashchiev model of
nucleation-mediated growth of an arbitrary sized face. Black
squares are the results obtained at �=26.8 and the same model
parameters with the use of the GKJMA model.
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times larger than H. These results agree well with previous
experimental findings in the case of MBE growth of Si �21�,
MBE growth of GaAs �23�, and MSD growth of GaAs �34�
NWs. Quantitative comparison of theoretical and experimen-
tal L�R� dependences for the diffusion-induced growth of
GaAs NWs can be found in Refs. �23,34�.

When the lateral size of drops increases, theoretical
length-diameter curves converts from decreasing to slightly
increasing, as demonstrated by Fig. 2. The L�D� dependences
obtained have therefore a minimum at a certain diameter D*.
This diameter increases with supersaturation � �at fixed ratio
between the deposition rate and the substrate growth rate�.
For the model parameters described, the value of D* varies
approximately from 200 to 400 nm. As follows from Fig. 2,
the minimum of L�D� curves becomes more pronounced at
smaller values of � and almost vanishes at sufficiently high
�. This conversion effect can be explained by the transition
from diffusion-induced to the adsorption-induced VLS
growth discussed above. At sufficiently large R, all contribu-
tions from the adatom diffusion must vanish approximately
as 1/R, and the NW growth is controlled primarily by the
two-dimensional nucleation on the liquid-solid interface. The
increase in the length-diameter dependence for larger drops
is associated with the transition from the mononuclear to the
polynuclear growth mode �26–28�. Since in the mononuclear
mode the nucleation-mediated growth rate is proportional to
R2 and in the polynuclear mode goes to a constant, the NWs
are bound to grow at an increasing R-dependent rate. Theo-
retical dependences calculated at the same model parameters
with the use of the Kashchiev �26� and GKJMA �28� models
do not demonstrate any considerable difference between
them �Fig. 2�.

The transition from decreasing to increasing length-
diameter dependence at a certain critical diameter is indi-
rectly supported by earlier experimental results on MBE-
grown GaAs NWs. As already discussed, the experimental
decreasing L�D� curve for GaAs/GaAs�111�B-Au NWs
within the range of diameters from 20 to 150 nm is well
described by the diffusion-induced model given by Eq. �38�
�23�. The MBE growth experiment of Ref. �23� was per-
formed at 1.0 nm thickness of the initial Au layer dAu. heated
up to the temperature of 630 °C. The growth temperature T
amounted to 585 °C, the deposition rate of GaAs V /h was
1.0 ML/s, and the flux ratio of As4 to Ga was 1.0. When,
however, the MBE growth was performed at similar condi-
tions but with larger thickness of the Au layer dAu=2.5 nm
�the maximum NW diameter thus reached 400 nm� and at
lower deposition rate V /h=0.5 ML/s, the observed L�R� de-
pendence was increasing �30�. The direct measurement of
critical size D* and the quantitative treatment of the transi-
tion between the two growth modes requires a more precise
experimental study. The general conclusion here is that, de-
pending on the drop size and on the MBE growth conditions,
one can observe either the diffusion-induced or the tradi-
tional adsorption-induced VLS growth of whiskers, charac-
terized by qualitatively different length-radius curves. At a
wider range of drop sizes, the transformation between the
two growth modes, one with decreasing and the other with
increasing L�R� dependence, can be observed.

C. Temperature behavior of NW length

To study qualitatively the dependence of NW length on
the technologically controlled growth conditions, consider
the simplest equation describing the growth of the substrate
surface:

dns

dt
=

V

�s
−

ns

�s
− Nw2��R�

ls

ts
ns −

1

�

dg

dt
. �40�

The surface concentration of adatoms ns changes in time due
to �i� the arrival of atoms from a molecular beam with rate V,
�ii� the desorption with mean stay time �s, �iii� the outgoing
flux to NWs �ls

�� is the length of adatom diffusion jumps
and ts is the characteristic time between the jumps�, and �iv�
the nucleation and growth of the two-dimensional layer �g is
the time-dependent coverage of the surface�. In Eq. �40� we
assume that the flux to the NW base is proportional to the
overall perimeter of NWs NW2��R� and to the adatom con-
centration ns. As is known �31,36�, if the lateral growth rate
of islands di /dt �expressed in terms of number of atoms in
the island i� is proportional to im, where 0�m�1, the ada-
tom concentration at the final stage of continuous layer for-
mation goes to its equilibrium value ns→neq

s . In this case we
should put dns /dt=0 in Eq. �40� and therefore g�t�→ �V /h
−s /�ef f�t. Here, s=�neq

s is the equilibrium adatom cover-
age of the substrate surface, �ef f is the renormalized desorp-
tion time defined as 1/�ef f = �2��R�NWls / ts��1+��, and
�
 ts /2��R�NWls�s is the ratio between the probability of
adatom desorption and the probability of adatom jump to the
sidewalls. Normally, the value of � is very small. The ML
reaches continuity at g�tML�=1, the time of ML formation
tML is found from �V /h−s /�ef f�tML=1, while the surface
growth rate obviously equals Vs=h / tML. For the parameter 

this yields 
=sh /V�ef f. Using Eq. �43� in Eq. �27� for R1,
we arrive at

R1 =
2slsh

Vts
�1 + �� � exp�−

�s + ED
s

kBT
	 . �41�

Here, we depict explicitly the temperature dependence of R1
following from the temperature dependences of s and ts:
s�exp�−�s /kBT� and ts�exp�ED

s /kBT�, �s being the spe-
cific condensation heat of adatoms and ED

s the activation en-
ergy for their diffusion jump �31�. Equation �41� shows that
the characteristic radius R1, describing the diffusion from the
substrate surface to the NW sidewalls, increases with the
growth temperature T as the Arrhenius exponent.

In the diffusion-induced mode of NW formation, typical
for the MBE growth of NWs on the surface with sufficiently
small seed drops, the NW length is given by Eq. �36� or �38�.
The temperature dependence of NW length at fixed R, H, and
V is governed by the temperature dependence of R1 given by
Eq. �41� and the temperature dependence of the adatom dif-
fusion length LF�exp��EA

f −ED
f � /2kBT�, where EA

f and ED
f are

the activation energies for the adatom desorption and diffu-
sion on the sidewalls. When the growth is described by Eq.
�38�, the temperature dependence of the desorption term
��exp�−��l+EA

l � /kBT� should also be taken into account,
where �l is the specific condensation heat in the liquid and
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EA
l is the activation energy for desorption from the drop.

Consider, for simplicity, Eq. �36� for the NW length. At very
low surface temperatures adatoms will not evaporate from
the sidewall and will all reach the NW top. This relates to the
case of L /Lf �1described by Eq. �37�. The L�T� dependence
at low temperatures is therefore dictated by the temperature
dependence of R1:

L � R* � exp�−
�s + ED

s

kBT
	, low T . �42�

The increase of temperature induces faster diffusion on the
surface and increases the equilibrium concentration of ada-
toms. These two effects increase the diffusion flux to the NW
base, and consequently to the NW top, at a low desorption
rate from the sidewalls. Therefore, at low temperatures the
L�T� dependence should be increasing.

In contrast, at high temperatures the adatom flux to the
NW top is mainly limited by the reevaporation from its side-
walls. This is the case of L /Lf �1, for which Eq. �36� is
reduced to

L → Lfln�R1H

RLf
	 � exp�EA

f − ED
f

2kBT
	, high T . �43�

At high temperatures the L�T� dependence is dictated mainly
by the temperature dependence of LF, only logarithmically
depends on the ratio R1 /LF, and, therefore, converts to a
decreasing curve. This simple analysis shows that the L�T�
dependence should reach a maximum at a certain tempera-
ture Topt, which is the optimal temperature for the fabrication
of the longest NWs at otherwise the same growth conditions.

Typical temperature dependences of the NW length in the
diffusion-induced mode of NW formation are presented in
Fig. 3. The curves were obtained by the integration of Eq.
�38� at three different R=const, constant deposition thickness
H=800 nm, Lf�585 °C�=5 �m, and R1�585 °C�=450 nm.

The temperature dependences of R1, Lf, and � were taken in
the Arrhenius forms described above at the model values of
�s+ED

s =0.55 eV, EA
f −ED

f =2.7 eV, �l+ED
l =2.9 eV. The

curve at R=40 nm provides a good fit with the experimental
results obtained for the GaAs NWs grown by MBE with
constant H=800 nm �34�. It is seen that the optimal tempera-
ture corresponding to the longest NWs with radii from 20 to
80 nm in our example occurs within the range from 550 to
600 °C.

D. Tapering of nanowhiskers

In a recent experimental study of the VLS mechanism of
GaAs/GaAs�111�B-Au NW growth by MBE �29�, it has
been demonstrated that the NWs grown at 590 °C taper be-
ginning from a length of about 3 �m. The NWs have the
same cylindrical shape within the first 3 �m of their length,
but then taped at an approximately constant rate of about
25 nm per 1 �m length, as demonstrated by the experimental
curve in Fig. 4. The explanation of this effect, qualitatively
discussed in Ref. �29�, can be given within the frame of the
dynamical model described by Eqs. �1� and �22�–�24�.

As already discussed, there exist two different Ga fluxes
to the drop. One flux directly impinges on the catalyst and
the other is promoted by the adatom diffusion from the sub-
strate surface to the top of the NWs. During the deposition at
constant growth conditions, the impingement flux on the
drop remains the same and the diffusion flux decreases due
to adatom evaporation from the sidewalls. The reduction of
this flux becomes very pronounced when the length L
reaches the mean diffusion length of Ga atoms. Therefore, at
L /Lf �1 the system consisting of the NW, the drop, and the
Ga-supplying fluxes is in a steady state with a higher Ga
concentration in the alloy, while at L /Lf �1 the system
evolves toward a new state. The Ga concentration in the
alloy, and consequently the radius of the drop, must decrease,
which induces a diminution of the NW lateral size.

The theoretical D�L� curve obtained from Eqs. �1� and
�22�–�24� at R1=450 nm, R2=45 nm, R3=0.08 nm,
a=11.5, �=4, xeq=0.1, Lf =3 �m, �=0.55 nm2,

FIG. 3. Temperature dependence of NW length obtained from
Eq. �38� at three different NW radii: R=10 �1�, 20 �2�, and 40 nm
�3�, for the model parameters described in the text. Black squares
are corresponding experimental points in the case of MBE-grown
GaAs/GaAs�111�B-Au NWs from Ref. �33�.

FIG. 4. Dependence of NW diameter on its length. Solid curve,
theory; square points, experimental results for GaAs NWs �29�.
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h=0.33 nm, V /h=0.61 ML/s, �=7.5, and Hef f =1920 nm
provides a qualitative agreement with the experimental data.
However, unlike the experimental curve, the theoretical D�L�
curve increases at the initial stage of growth, because the Ga
concentration in the alloy should first increase to reach su-
persaturation sufficient to induce the VLS growth. This effect
was not observed experimentally in �29�, but looks theoreti-
cally feasible. Such increase of Ga concentration would lead
to a certain widening of the NW bases. Also, according to the
x-ray energy dispersive analysis of Ref. �29�, when the NWs
are grown without exposure to the arsenic flux after closing
the Ga shutter, the concentration of Ga in the solid Au-Ga
solution �measured after cooling� changes typically from 0.5
for short to 0.3 for long NWs. According to Eq. �1�, such
decrease of x cannot fully explain more than a two times
decrease of the NW top diameter, observed in Ref. �29�. To
fit the experimentally measured rate of tapering, the theoret-
ical curve in Fig. 4 was therefore modeled to the wider range
of x=0.9 for the maximum and x=0.2 for the minimum NW
diameter. This leads to earlier tapering of the theoretical
D�L� curve in Fig. 4, because the dependence of R�x� given
by Eq. �1� becomes steeper as x approaches unity. According
to Eqs. �14�–�16�, the decrease of Ga concentration in the
alloy lowers the NW growth rate and at x=xeq the VLS
growth must be completely stopped. A gradual decrease of
Ga concentration might lead to the solidification of the alloy
and, consequently, to the transition from the VLS to the
vapor-solid-solid mechanism described in Ref. �25�. The
large decrease of NW lateral size, observed in Ref. �29�, is
probably not only induced by the Ga concentration effect
described above, but also supported by changing the direc-
tions of interfacial forces for conically shaped NWs, mod-
eled in Ref. �22�. The effect of cooling might also be signifi-
cant for the tips of very long NWs, while the model in its
present form assumes that the temperature along the NW
length is the same as the surface temperature T. Finally, the
drop might lose some of the Au �35�, causing further de-
crease of its size.

According to our analysis, the tapering of GaAs NWs
grown by MBE on the GaAs�111�B surface at T=590 °C
can be explained by the reduction in the Ga-supplying flux to
the drop due to the evaporation of Ga atoms from the side-
walls. Tapering due to the nucleation on the GaAs�110� side-
walls seems unlikely for the following reasons. Applying the
nucleation theory �31,36�, the activation barrier for the
nucleation of two-dimensional islands �expressed in kBT
units� is given by �G=b / ln��+1�, where � is the adatom
supersaturation on the sidewalls. The parameter b is given by
a formula similar to Eq. �17�: b=���
vs /kBT�2 with 
vs be-
ing the specific energy of the vacuum-crystal interface per
unit length of island boundary. Estimating 
vs as 
vs��vsh,
where �vs is the corresponding surface energy, and using the
data of Ref. �37� for �vs, �, and h, at T=590 °C, we get
b�111��b�110��200. Taking for estimates the typical value of
maximum adatom supersaturation ��100 �36�, we obtain
the value of �G�42 for both surfaces. The nucleation on the
main �111� surface always proceeds in polynuclear mode,
while the nucleation on the sidewalls of sufficiently thin

NWs is mononuclear, because one nucleus immediately
forms a ring around the NW. In the polynuclear mode the
normal growth rate is proportional to I1/3, and in mono-
nuclear mode to I, where I�exp�−�G� is the nucleation
rate of islands �26,28�. Therefore, the ratio of normal
growth rates on the �110� and �111� surfaces is of the order of
exp�−2�G /3��10−6. Note that in reality the adatom super-
saturation on the sidewalls must be lower than on the �111�
surface, because their difference drives the diffusion flux to
the sidewalls. Hence, the actual difference in normal growth
rates on the �110� and �111� surfaces is even larger and the
vapor-solid growth in the direction perpendicular to the side-
walls can be neglected in our case. When, however, the wid-
ening of NWs becomes pronounced, the additional mecha-
nism of the adatom sink on the sidewalls due to nucleation
should be taken into consideration.

IV. CONCLUSIONS

The model developed in this work can describe different
regimes of VLS growth of NWs during MBE and, after a
certain modification, can also be applied to the case of CVD.
The model describes several effects during NW formation, in
particular the transition from increasing to decreasing length-
radius dependence at a certain critical diameter, the time de-
pendence of the alloy supersaturation, and the tapering of
NWs. We have also analyzed the theoretical dependence of
NW morphology on the technologically controlled growth
conditions and derived a semiquantitative dependence of
NW length on the growth temperature. Some of the model
predictions, such as the existence of an optimal temperature
to fabricate the longest NWs with the highest aspect ratio,
the diffusionlike length-diameter dependence of sufficiently
thin NWs, and the NW tapering at a length comparable to the
diffusion length of adatoms on the sidewalls, are confirmed
by the available experimental data obtained for different ma-
terial systems �21,23,29,34�. Other effects, such as the con-
version of length-diameter curves, at the moment remain
mainly theoretical predictions and require a separate experi-
mental study. Some additional improvements of the model
are required to accomplish the complete kinetic description
of NW growth. Among these, we would like to mention the
detailed treatment of phase transitions in the alloy �25�, the
influence of the flux ratio in the case of III-V NWs, the study
of the temperature distribution along the NW length, the in-
vestigation of catalyst diffusion from the drop, and faceting
of the sidewalls �35�. The simulations of particular material
systems requires the knowledge of many physical constants
such as equilibrium concentrations, characteristic diffusion
and desorption times, and interfacial energies. At the moment
they are combined in several fitting parameters, whose physi-
cal sense is quite clear but the numerical values can only be
roughly estimated. Nevertheless, the comparison of theoreti-
cal and experimental data allows us to obtain useful informa-
tion concerning the physical values of rather complex mate-
rial systems. In particular, the measured D�L� dependence of
tapered NWs enables us to estimate the diffusion length of
adatoms �29�, and the measured L�D� and L�H� curves pro-
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vide numeric estimates for the adatom diffusion flux, the
growth rate of the substrate surface, and the desorption rate
from the drop surface �34�. In the overall view, the developed
theoretical approach might help in better understanding of
the controlled production of NWs with the desired morpho-
logical properties for different applications.
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